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1 Expectation conditional maximization procedures to optimize
the penalized likelihood
Let Θ = (θ, ζ1m, η2l), where θ = (β1,β2,Γ1,Γ2,φ) are defined in section 2.2.
The expectation conditional maximization procedures to optimize the penal-
ized likelihood are proposed as follows:
1. Initialize (β
(0)
1 ,β
(0)
2 ,γ
(0)
1m, ζ
(0)
1m,γ
(0)
2l , η
(0)
2l ,φ
(0)) with some plausible values.
2. For iteration s, update β1,β2 by adaptive LASSO,
β1
(s),β2
(s) = argmax
β1,β2
Q˜(β1, β2, Γˆ
(s−1)
1 , Γˆ
(s−1)
2 , φˆ
(s−1)|βˆ(s−1)1 , βˆ(s−1)2 , Γˆ(s−1)1 , Γˆ(s−1)2 , φˆ(s−1))
− λ1
p∑
j=1
ωβ1j |β1j| − λ2
p∑
k=1
ωβ2k |β2k|.
3. update γ1m,γ2l:
γ1m
(s),γ2l
(s) = argmax
γ1m,γ2l
Q˜(βˆ
(s)
1 , βˆ
(s)
2 ,Γ1,Γ2, φˆ
(s−1)|βˆ(s)1 , βˆ(s)2 , Γˆ(s−1)1 , Γˆ(s−1)2 , φˆ(s−1))
− 1
4
q∑
m=2
(λ3ωγ1m)
2
(ζ
(s−1)
1m )
2
||γ1m||2 − 1
4
q∑
l=2
(λ4ωγ2l)
2
(η
(s−1)
2l )
2
||γ2l||2.
1
4. update ζ1m, η2l:
ζ
(s)
1m =
√
λγ1ωγ1m
2
||γ(s)1m||, η(s)2l =
√
λγ2ωγ2l
2
||γ(s)2l ||.
5. update φ:
φ = argmax
φ
Q˜(βˆ
(s)
1 , βˆ
(s)
2 , Γˆ
(s)
1 , Γˆ
(s)
2 ,φ|βˆ(s)1 , βˆ(s)2 , Γˆ(s)1 , Γˆ(s)2 , φˆ(s−1)).
6. Terminate the iteration when max|Θ(s) −Θ(s−1)| are small enough. Otherwise, let
s = s+ 1 and go back to step 2.
Before updating parameters in each step, the corresponding Q˜ function
is approximated by Gaussian quadrature in the E-step. To improve compu-
tation stability, smaller subset of (β1,β2,Γ1,Γ2,φ) could be updated itera-
tively. We could update β1 when (β2,Γ1,Γ2,φ) is fixed, and then update β2
when (β1,Γ1,Γ2,φ) is fixed, and sequentially for Γ1, Γ2, and φ when other
parameters are fixed. It is at the price of more iterations.
2 Data generation for simulation study: Scenario 5
In Scenario 5, we generate the longitudinal outcome Yij from the following
model:
Yij =1 + 1.5X1ij,1 + 2X1ij,2 + 0X1ij,3 + 0X1ij,4 + bli,0
+ bli,1Z1ij,1 + bli,2Z1ij,2 + bli,3Z1ij,3 + bli,4Z1ij,4 + ij,
and the failure time from a Weibull distribution with the hazard function:
λi(t) = λ0(t) exp(1.5x2i,1 + 2x2i,2 + 0x2i,3 + 0x2i,4
+ bsi,0 + bsi,1z2i,1 + bsi,2z2i,2 + bsi,3z2i,3 + bsi,4z2i,4),
for i = 1, . . . , 800, j = 1, . . . , 5, where λ0(t) = αλt
α−1 with α = 2, and
λ = exp(1) = 2.718.
Random effect bi is independently generated fromN(0, I5). bli = (bli,0, bli,1, bli,2,
bli,3, bli,4) is obtained by bli = Γ1bi and bsi = (bsi,0, bsi,1, bsi,2, bsi,3, bsi,4) is ob-
2
tained by bsi = Γ2bi, where
Γ1 = Γ2 = σD

1 0 0 0 0
1
2
1
2 0 0 0
1
3
1
3
1
3 0 0
0 0 0 0 0
0 0 0 0 0

1
2
and σD =
√
0.5. CovariatesX1ij,1 = Z1ij,1, X1ij,2 = Z1ij,2, X1ij,3 = Z1ij,3, X1ij,4 =
Z1ij,4 and x2i,1 = z2i,1, x2i,2 = z2i,2, x2i,3 = z2i,3, x2i,4 = z2i,4 are generated as in-
dependent N(0, 1) variables; The measurement error ij ∼ i.i.d.N(0, 1). The
censoring time is independently generated from an exponential distribution
to achieve a 60% censoring percentage.
3 Data generation for simulation study: Scenario 6
In Scenario 6, we generate the longitudinal outcome Yij from the following
model:
Yij =1 + 1.5X1ij,1 + 2X1ij,2 + 2.5X1ij,3 + 0X1ij,4 + 0X1ij,5 + 0X1ij,6 + 0X1ij,7+
bli,0 + bli,1Z1ij,1 + bli,2Z1ij,2 + bli,3Z1ij,3 + bli,4Z1ij,4 + bli,5Z1ij,5 + bli,6Z1ij,6+
bli,7Z1ij,7 + ij,
and the failure time from a Weibull distribution with the hazard function:
λi(t) = λ0(t) exp(1.5x2i,1 + 2x2i,2 + 2.5x2i,3 + 0x2i,4 + 0x2i,5 + 0x2i,6 + 0x2i,7+
bsi,0 + bsi,1z2i,1 + bsi,2z2i,2 + bsi,3z2i,3 + bsi,4z2i,4 + bsi,5z2i,5+
bsi,6z2i,6 + bsi,7z2i,7),
for i = 1, . . . , 250, j = 1, . . . , 5, where λ0(t) = αλt
α−1 with α = 2, and
λ = exp(1) = 2.718.
Random effect bi is independently generated fromN(0, I8). bli = (bli,0, bli,1, bli,2,
bli,3, bli,4 bli,5, bli,6, bli,7) is obtained by bli = Γ1bi and bsi = (bsi,0, bsi,1, bsi,2, bsi,3, bsi,4,
3
bsi,5, bsi,6, bsi,7) is obtained by bsi = Γ2bi, where
Γ1 = Γ2 = σD

1 0 0 0 0 0 0 0
1
2
1
2 0 0 0 0 0 0
1
3
1
3
1
3 0 0 0 0 0
1
4
1
4
1
4
1
4 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

1
2
and σD =
√
0.5. CovariatesX1ij,1 = Z1ij,1, X1ij,2 = Z1ij,2, X1ij,3 = Z1ij,3, X1ij,4 =
Z1ij,4, X1ij,5 = Z1ij,5, X1ij,6 = Z1ij,6, X1ij,7 = Z1ij,7 and x2i,1 = z2i,1, x2i,2 =
z2i,2, x2i,3 = z2i,3, x2i,4 = z2i,4, x2i,5 = z2i,5, x2i,6 = z2i,6, x2i,7 = z2i,7 are
generated as independent N(0, 1) variables; The measurement error ij ∼
i.i.d.N(0, 1). The censoring time is independently generated from an expo-
nential distribution to ahieve a 30% censoring percentage.
4
W
eb
T
ab
le
1:
S
el
ec
ti
on
fr
eq
u
en
cy
o
f
m
ix
ed
eff
ec
ts
in
lo
n
g
it
u
d
in
a
l
a
n
d
su
rv
iv
a
l
co
m
p
o
n
en
ts
fo
r
S
ce
n
a
ri
o
5
F
ix
ed
eff
ec
t
se
le
ct
io
n
S
el
.
F
re
q
.(
%
)
fo
r
L
o
n
g
it
u
d
in
a
l
co
m
p
o
n
en
t
S
el
.
F
re
q
.(
%
)
fo
r
S
u
rv
iv
a
l
co
m
p
o
n
en
t
X
1
,1
X
1
,2
X
1
,3
X
1
,4
X
2
,1
X
2
,2
X
2
,3
X
2
,4
N
on
-Z
er
o
N
on
-Z
er
o
Z
er
o
Z
er
o
N
o
n
-Z
er
o
N
o
n
-Z
er
o
Z
er
o
Z
er
o
10
0
10
0
0
0
1
0
0
1
0
0
0
0
R
a
n
d
o
m
eff
ec
t
se
le
ct
io
n
S
el
.
F
re
q
.(
%
)
fo
r
L
o
n
g
it
u
d
in
a
l
co
m
p
o
n
en
t
S
el
.
F
re
q
.(
%
)
fo
r
S
u
rv
iv
a
l
co
m
p
o
n
en
t
Z
1
,1
Z
1
,2
Z
1
,3
Z
1
,4
Z
2
,1
Z
2
,2
Z
2
,3
Z
2
,4
N
on
-Z
er
o
N
on
-Z
er
o
Z
er
o
Z
er
o
N
o
n
-Z
er
o
N
o
n
-Z
er
o
Z
er
o
Z
er
o
10
0
10
0
0
0
9
9
9
9
1
0
5
W
eb
T
ab
le
2:
E
st
im
at
io
n
of
fi
x
ed
eff
ec
ts
β
1
,j
a
n
d
β
2
,j
in
lo
n
g
it
u
d
in
a
l
a
n
d
su
rv
iv
a
l
co
m
p
o
n
en
ts
fo
r
S
ce
n
a
ri
o
5
βˆ
1
,j
±
S
E
(C
o
v
er
a
g
e
p
ro
b
a
b
il
it
y
)
fo
r
L
o
n
g
it
u
d
in
a
l
co
m
p
o
n
en
ta
In
te
rc
ep
t
X
1
,1
X
1
,2
X
1
,3
X
1
,4
T
ru
e
v
a
lu
e
β
1
1
.5
2
0
0
W
/
O
se
le
ct
io
n
βˆ
0
.9
9
5
±0
.0
3
3
(9
4
%
)
1
.5
0
0
±0
.0
3
6
(9
5
%
)
1
.9
9
8
±0
.0
3
9
(9
4
%
)
0
.0
0
2
0
.0
0
1
1
s
t
st
a
g
e
βˆ
0
.9
9
3
±0
.0
3
3
(9
2
%
)
1
.4
8
7
±0
.0
3
6
(9
0
%
)
1
.9
8
6
±0
.0
3
9
(8
7
%
)
0
.0
0
0
0
.0
0
0
2
n
d
st
a
g
e
βˆ
0
.9
9
9
±0
.0
2
9
(9
5
%
)
1
.5
0
5
±0
.0
3
4
(9
5
%
)
2
.0
0
1
±0
.0
3
6
(9
1
%
)
0
.0
0
0
0
.0
0
0
βˆ
2
,j
±
S
E
(C
o
v
er
a
g
e
p
ro
b
a
b
il
it
y
)
fo
r
S
u
rv
iv
a
l
co
m
p
o
n
en
ta
In
te
rc
ep
t
X
1
,1
X
1
,2
X
1
,3
X
1
,4
T
ru
e
v
a
lu
e
β
-
1
.5
2
0
0
W
/
O
se
le
ct
io
n
βˆ
1
.3
5
5
±0
.1
2
6
(7
4
%
)
1
.8
4
4
±0
.1
4
9
(7
5
%
)
0
.0
0
8
0
.0
1
9
1
s
t
st
a
g
e
βˆ
0
.9
8
9
±0
.1
2
5
(0
%
)
1
.3
8
1
±0
.1
4
5
(1
%
)
0
.0
0
0
0
.0
0
0
2
n
d
st
a
g
e
βˆ
1
.3
4
8
±0
.1
3
0
(6
7
%
)
1
.8
2
3
±0
.1
5
2
(7
3
%
)
0
.0
0
0
0
.0
0
0
a
βˆ
s
a
re
th
e
a
v
er
a
g
es
o
f
es
ti
m
a
te
s
o
v
er
th
e
1
0
0
d
a
ta
se
ts
;
S
E
is
th
e
em
p
ir
ic
a
l
st
a
n
d
a
rd
er
ro
r
o
f
th
e
1
0
0
βˆ
s;
F
o
r
ea
ch
d
a
ta
se
t,
th
e
9
5
%
co
n
fi
d
en
ce
in
te
rv
a
l
b
a
se
d
o
n
th
e
p
a
ra
m
et
er
a
n
d
st
a
n
d
a
rd
er
ro
r
es
ti
m
a
te
s
is
ca
lc
u
la
te
d
a
n
d
th
e
co
rr
es
p
o
n
d
in
g
co
v
er
a
g
e
p
ro
b
a
b
il
it
ie
s
fo
r
th
e
tr
u
e
v
a
lu
e
o
v
er
th
e
1
0
0
d
a
ta
se
ts
a
re
in
cl
u
d
ed
in
th
e
p
a
re
n
th
es
es
.
S
E
a
n
d
co
v
er
a
g
e
p
ro
b
a
b
il
it
y
a
re
o
n
ly
re
p
o
rt
ed
fo
r
n
o
n
-z
er
o
v
a
ri
a
b
le
s.
6
W
eb
T
ab
le
3:
E
st
im
at
io
n
of
ra
n
d
o
m
eff
ec
ts
√ D
1
k
k
a
n
d
√ D
2
k
k
in
lo
n
g
it
u
d
in
a
l
a
n
d
su
rv
iv
a
l
co
m
p
o
n
en
ts
fo
r
S
ce
n
a
ri
o
5
√ Dˆ
1
k
k
fo
r
L
o
n
g
it
u
d
in
a
l
co
m
p
o
n
en
ta
√ Dˆ
2
k
k
fo
r
S
u
rv
iv
a
l
co
m
p
o
n
en
ta
I
n
te
r
ce
p
t 1
Z
1
,1
Z
1
,2
Z
1
,3
Z
1
,4
I
n
te
r
ce
p
t 2
Z
2
,1
Z
2
,2
Z
2
,3
Z
2
,4
T
ru
e
v
a
lu
e
√
D
k
k
0
.7
0
7
0
.7
0
7
0
.7
0
7
0
0
0
.7
0
7
0
.7
0
7
0
.7
0
7
0
0
W
/
O
se
le
ct
io
n
√ Dˆ
k
k
0
.7
9
1
0
.8
1
7
0
.8
1
7
0
.0
5
2
0
.0
5
0
0
.7
7
6
0
.8
2
0
0
.8
2
5
0
.2
0
5
0
.2
0
2
1
s
t
st
a
g
e
√ Dˆ
k
k
0
.7
8
7
0
.7
7
3
0
.7
6
3
0
.0
0
0
0
.0
0
0
0
.4
0
7
0
.3
6
8
0
.3
1
9
0
.0
0
0
0
.0
0
0
2
n
d
st
a
g
e
√ Dˆ
k
k
0
.6
8
2
0
.6
9
2
0
.6
9
6
0
.0
0
0
0
.0
0
0
0
.6
3
8
0
.6
6
5
0
.6
7
4
0
.0
0
4
0
.0
0
0
a
√ Dˆ
1
k
k
a
n
d
√ Dˆ
2
k
k
a
re
th
e
a
v
er
a
g
es
o
f
es
ti
m
a
te
s
o
v
er
th
e
1
0
0
d
a
ta
se
ts
.
7
W
eb
T
ab
le
4:
S
el
ec
ti
on
fr
eq
u
en
cy
o
f
m
ix
ed
eff
ec
ts
in
lo
n
g
it
u
d
in
a
l
a
n
d
su
rv
iv
a
l
co
m
p
o
n
en
ts
fo
r
S
ce
n
a
ri
o
6
F
ix
e
d
e
ff
e
c
t
s
e
le
c
t
io
n
S
e
l.
F
r
e
q
.(
%
)
fo
r
L
o
n
g
it
u
d
in
a
l
c
o
m
p
o
n
e
n
t
S
e
l.
F
r
e
q
.(
%
)
fo
r
S
u
r
v
iv
a
l
c
o
m
p
o
n
e
n
t
X
1
,1
X
1
,2
X
1
,3
X
1
,4
X
1
,5
X
1
,6
X
1
,7
X
2
,1
X
2
,2
X
2
,3
X
2
,4
X
2
,5
X
2
,6
X
2
,7
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
1
0
0
1
0
0
1
0
0
0
0
0
0
1
0
0
1
0
0
1
0
0
0
0
0
0
R
a
n
d
o
m
e
ff
e
c
t
s
e
le
c
t
io
n
S
e
l.
F
r
e
q
.(
%
)
fo
r
L
o
n
g
it
u
d
in
a
l
c
o
m
p
o
n
e
n
t
S
e
l.
F
r
e
q
.(
%
)
fo
r
S
u
r
v
iv
a
l
c
o
m
p
o
n
e
n
t
Z
1
,1
Z
1
,2
Z
1
,3
Z
1
,4
Z
1
,5
Z
1
,6
Z
1
,7
Z
2
,1
Z
2
,2
Z
2
,3
Z
2
,4
Z
2
,5
Z
2
,6
Z
2
,7
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
N
o
n
-Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
Z
e
r
o
1
0
0
1
0
0
1
0
0
0
0
0
0
9
7
9
3
9
4
6
4
1
9
8
W
eb
T
ab
le
5:
E
st
im
at
io
n
of
fi
x
ed
eff
ec
ts
β
1
,j
a
n
d
β
2
,j
in
lo
n
g
it
u
d
in
a
l
a
n
d
su
rv
iv
a
l
co
m
p
o
n
en
ts
fo
r
S
ce
n
a
ri
o
6
βˆ
1
,j
±
S
E
(
C
o
v
e
r
a
g
e
p
r
o
b
a
b
il
it
y
)
fo
r
L
o
n
g
it
u
d
in
a
l
c
o
m
p
o
n
e
n
t
a
In
t
e
r
c
e
p
t
X
1
,1
X
1
,2
X
1
,3
X
1
,4
X
1
,5
X
1
,6
X
1
,7
T
r
u
e
v
a
lu
e
β
1
1
.5
2
2
.5
0
0
0
0
W
/
O
s
e
le
c
t
io
n
βˆ
0
.9
9
4
±
0
.0
6
8
(
8
5
%
)
1
.4
9
8
±
0
.0
8
1
(
7
5
%
)
1
.9
9
9
±
0
.0
7
2
(
7
9
%
)
2
.4
9
6
±
0
.0
7
2
(
8
1
%
)
0
.0
0
1
-0
.0
0
4
0
.0
0
0
-0
.0
0
3
1
s
t
s
t
a
g
e
βˆ
0
.9
8
7
±
0
.0
6
8
(
8
9
%
)
1
.4
5
4
±
0
.0
7
9
(
8
2
%
)
1
.9
6
0
±
0
.0
7
2
(
8
7
%
)
2
.4
6
2
±
0
.0
7
2
(
8
7
%
)
0
.0
0
0
0
.0
0
0
0
.0
0
0
0
.0
0
0
2
n
d
s
t
a
g
e
βˆ
0
.9
9
4
±
0
.0
6
4
(
8
7
%
)
1
.4
9
7
±
0
.0
7
6
(
8
2
%
)
1
.9
9
5
±
0
.0
7
4
(
8
5
%
)
2
.4
9
6
±
0
.0
7
3
(
8
6
%
)
0
.0
0
0
0
.0
0
0
0
.0
0
0
0
.0
0
0
βˆ
2
,j
±
S
E
(
C
o
v
e
r
a
g
e
p
r
o
b
a
b
il
it
y
)
fo
r
S
u
r
v
iv
a
l
c
o
m
p
o
n
e
n
t
a
X
2
,1
X
2
,2
X
2
,3
X
2
,4
X
2
,5
X
2
,6
X
2
,7
T
r
u
e
v
a
lu
e
β
1
.5
2
2
.5
0
0
0
0
W
/
O
s
e
le
c
t
io
n
βˆ
1
.9
6
6
±
0
.2
8
6
(
6
3
%
)
2
.6
6
7
±
0
.3
7
7
(
4
9
%
)
3
.3
1
3
±
0
.4
2
9
(
4
9
%
)
0
.0
1
4
-0
.0
2
5
0
.0
1
1
0
.0
3
5
1
s
t
s
t
a
g
e
βˆ
1
.0
3
9
±
0
.2
4
9
(
2
0
%
)
1
.4
9
5
±
0
.3
3
1
(
2
8
%
)
1
.8
9
7
±
0
.3
7
0
(
3
0
%
)
0
.0
0
0
0
.0
0
0
0
.0
0
0
0
.0
0
0
2
n
d
s
t
a
g
e
βˆ
1
.5
4
9
±
0
.3
5
8
(
8
6
%
)
2
.1
1
2
±
0
.5
9
3
(
8
2
%
)
2
.6
2
5
±
0
.7
1
2
(
8
4
%
)
0
.0
0
0
0
.0
0
0
0
.0
0
0
0
.0
0
0
a
βˆ
s
a
re
th
e
a
v
er
a
g
es
o
f
es
ti
m
a
te
s
o
v
er
th
e
1
0
0
d
a
ta
se
ts
;
S
E
is
th
e
em
p
ir
ic
a
l
st
a
n
d
a
rd
er
ro
r
o
f
th
e
1
0
0
βˆ
s;
F
o
r
ea
ch
d
a
ta
se
t,
th
e
9
5
%
co
n
fi
d
en
ce
in
te
rv
a
l
b
a
se
d
o
n
th
e
p
a
ra
m
et
er
a
n
d
st
a
n
d
a
rd
er
ro
r
es
ti
m
a
te
s
is
ca
lc
u
la
te
d
a
n
d
th
e
co
rr
es
p
o
n
d
in
g
co
v
er
a
g
e
p
ro
b
a
b
il
it
ie
s
fo
r
th
e
tr
u
e
v
a
lu
e
o
v
er
th
e
1
0
0
d
a
ta
se
ts
a
re
in
cl
u
d
ed
in
th
e
p
a
re
n
th
es
es
.
S
E
a
n
d
co
v
er
a
g
e
p
ro
b
a
b
il
it
y
a
re
o
n
ly
re
p
o
rt
ed
fo
r
n
o
n
-z
er
o
v
a
ri
a
b
le
s.
9
W
eb
T
ab
le
6:
E
st
im
at
io
n
of
ra
n
d
o
m
eff
ec
ts
√ D
1
k
k
a
n
d
√ D
2
k
k
in
lo
n
g
it
u
d
in
a
l
a
n
d
su
rv
iv
a
l
co
m
p
o
n
en
ts
fo
r
S
ce
n
a
ri
o
6
√ Dˆ
1
k
k
fo
r
L
o
n
g
it
u
d
in
a
l
c
o
m
p
o
n
e
n
t
a
In
t
e
r
c
e
p
t
Z
1
,1
Z
1
,2
Z
1
,3
Z
1
,4
Z
1
,5
Z
1
,6
Z
1
,7
T
r
u
e
v
a
lu
e
√ D
k
k
0
.7
0
7
0
.7
0
7
0
.7
0
7
0
.7
0
7
0
0
0
0
W
/
O
s
e
le
c
t
io
n
√ Dˆ
k
k
0
.7
8
5
0
.8
2
1
0
.8
3
1
0
.8
2
9
0
.1
6
5
0
.1
7
4
0
.1
5
9
0
.1
5
8
1
s
t
s
t
a
g
e
√ Dˆ
k
k
0
.7
6
8
0
.6
7
7
0
.6
5
7
0
.6
3
3
0
.0
0
0
0
.0
0
0
0
.0
0
0
0
.0
0
0
2
n
d
s
t
a
g
e
√ Dˆ
k
k
0
.6
2
8
0
.6
6
9
0
.6
9
3
0
.6
9
9
0
.0
0
0
0
.0
0
0
0
.0
0
0
0
.0
0
0
√ Dˆ
2
k
k
fo
r
S
u
r
v
iv
a
l
c
o
m
p
o
n
e
n
t
a
In
t
e
r
c
e
p
t
Z
2
,1
Z
2
,2
Z
2
,3
Z
2
,4
Z
2
,5
Z
2
,6
Z
2
,7
T
r
u
e
v
a
lu
e
√ D
k
k
0
.7
0
7
0
.7
0
7
0
.7
0
7
0
.7
0
7
0
0
0
0
W
/
O
s
e
le
c
t
io
n
√ Dˆ
k
k
1
.0
3
7
1
.0
7
4
1
.1
5
5
1
.1
6
7
0
.5
7
4
0
.5
5
2
0
.5
3
5
0
.6
8
5
1
s
t
s
t
a
g
e
√ Dˆ
k
k
0
.5
1
1
0
.4
3
1
0
.4
1
2
0
.3
8
2
0
.0
0
2
0
.0
0
4
0
.0
0
0
0
.0
2
5
2
n
d
s
t
a
g
e
√ Dˆ
k
k
0
.6
5
2
0
.6
9
8
0
.7
2
5
0
.7
8
2
0
.0
4
7
0
.0
1
8
0
.0
0
5
0
.0
9
1
a
√ Dˆ
1
k
k
a
n
d
√ Dˆ
2
k
k
a
re
th
e
a
v
er
a
g
es
o
f
es
ti
m
a
te
s
o
v
er
th
e
1
0
0
d
a
ta
se
ts
.
10
Web Figure 1: Residual plots for data application diagnostics. The
circles are the standardized residuals. The black lines are the LOESS
estimates.
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